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We shall consider arithmetical properties of the q-continued
fractions
K∞n=1
qsn(S0 + S1qn + · · · + Shqhn)
T0 + T1qn + · · · + Tlqln , Si, Ti ,q ∈K, |q|v < 1,
and some related continued fractions where v is a ﬁxed valuation
of an algebraic number ﬁeld K and s,h, l ∈N. In particular, we get
sharp irrationality measures for certain Ramanujan, Ramanujan–
Selberg, Eisenstein and Tasoev continued fractions.
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1. Introduction
There are a few works considering arithmetical properties of q-continued fractions. In general,
the research is concentrated on studying irrationality measures of the Rogers–Ramanujan continued
fraction
RR(q, t) = 1+ qt
1 +
q2t
1 +
q3t
1 +· · ·
in archimedean imaginary quadratic ﬁelds, see Bundschuh [6], Osgood [17], Shiokawa [18] and
Stihl [19]. Matala-aho [12] considered approximations also in other valuations and proved some higher
degree quantitative irrationality results. For example, from [12] one gets
* Corresponding author.
E-mail addresses: tma@cc.oulu.ﬁ (T. Matala-aho), vmerila@paju.oulu.ﬁ (V. Merilä).0022-314X/$ – see front matter © 2009 Elsevier Inc. All rights reserved.
doi:10.1016/j.jnt.2008.06.017
T. Matala-aho, V. Merilä / Journal of Number Theory 129 (2009) 1044–1055 1045RR
(
(
√
5− 1)/2, t) /∈ Q(√5),
RR(1/5, t) = 1+ t
5 +
t
5 +
t
52 +
t
52 +
t
53 +· · · /∈ Q(
√
m),
for any m ∈ Q and t ∈ Q∗. Further, if p  17 is a prime number and t ∈ Q∗ , then the p-adic number
RR(p, t) /∈ Q(√m) ∀m ∈ Z.
Moreover, RR(p, t) (p  2), as well as RR(1/5, t), have an effective irrationality measure μ = 2. By
an effective irrationality measure (exponent) of a given number α ∈ Cp we mean a number μ =
μ(α) 2 which satisﬁes the condition: for every  > 0 there exists an effectively computable constant
H0() 1 such that
∣∣∣∣α − MN
∣∣∣∣
p
>
1
Hμ+
for every M/N ∈ Q with H = max{|M|, |N|} H0().
In Amou and Matala-aho [1], the Thue–Siegel method was used to prove approximation measures
for a restricted class of continued fractions
K∞n=1
(tqn)s(S0 + S1qnt + · · · + Shqhnth)
T0 + T1qnt + · · · + Tlqlntl , Si, Ti ∈ K, |q|v < 1. (1)
For example, in [1] an irrationality measure μ2  95 was proved for the Watson–Ramanujan contin-
ued fraction
K∞n=1
qn + q2n
1
, q = 1/d, d ∈ Z \ {0,±1}.
In this paper we shall consider q-continued fractions (1) in a more general setting and some
related q-fractions, too. For example, for the both q-fractions
K∞n=1
q2n
1+ qn , K
∞
n=1
−q2n−1
1+ qn (2)
we get the irrationality measure μ = 2 if q = 1/d, d ∈ Z \ {0,±1}. Note that, concerning the latter
continued fraction in (2) a deep claim
1
1 −
q
1+ q −
q3
1+ q2 −
q5
1+ q3 −· · · =
(q2;q3)∞
(q;q3)∞
made by Ramanujan is proved in [3] and again quite recently in [4] and [5].
We may tackle also the following Ramanujan–Selberg continued fractions
S1(q) = 1
1 +
q
1 +
q + q2
1 +
q3
1 +
q2 + q4
1 +· · · =
(−q2;q2)∞
(−q;q2)∞ , (3)
S2(q) = 1
1 +
q + q2
1 +
q4
1 +
q3 + q6
1 +
q8
1 +
q5 + q10
1 +
q12
1 +· · · =
(q;q8)∞(q7;q8)∞
(q3;q8)∞(q5;q8)∞ , (4)
S3(q) = 1
1 +
q + q2
1 +
q2 + q4
1 +
q3 + q6
1 +· · · =
(q;q2)∞
(q3;q6)3 , (5)∞
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E1(q) = 1
1 −
q
1 −
q3 − q
1 −
q5
1 −
q7 − q3
1 −
q9
1 −
q11 − q5
1 −· · · =
∞∑
n=0
qn
2
, (6)
E2(q) = 1
1 +
q
1− q +
q3
1− q3 +
q5
1− q5 +
q7
1− q7 +· · · =
∞∑
n=0
(−1)nqn2 , (7)
developments of partial theta series, see [7]. At the best, we obtain irrationality measures
μ(S1(1/d)) = μ(S2(1/d)) = μ(E1(1/d)) = 3 if d ∈ Z \ {0,±1}.
Next, we consider the following Tasoev’s continued fractions
T1(u, v,a) = 1
ua +
1
va2 +
1
ua3 +
1
va4 +
1
ua5 +· · · , (8)
T2(u, v,a,b) = 1
ua +
1
vb +
1
ua2 +
1
vb2 +
1
ua3 +· · · . (9)
Evaluations of numerous variants of T1 and T2 are considered in [8–11]. Later we will show how
we may evaluate T1 and T2 simply by using the well-known identities from the theory of q-
continued fractions, such as (27) of the Rogers–Ramanujan continued fraction. Consequently, we then
get μ(T1(u, v,a)) = μ(T2(u, v,a,b)) = 2 where u, v ∈ Q∗ and a,b ∈ Z \ {0,±1}.
Finally, we shall study certain continued fractions
W = 1
W1 +
1
W2 +
1
W3 +· · ·
where the partial denominators satisfy a second-order recurrence. Let (Fn), F0 = 0, F1 = 1 denote the
Fibonacci sequence. If we set
F = 1
F1 +
1
F3 +
1
F5 +· · · ,
then μ2(F ) 61.
2. Notations
As usual, the q-factorials are deﬁned by (a)0 = (a;q)0 = 1 and (a)n = (a;q)n = (1 − a)(1 −
aq) · · · (1 − aqn−1) for all n ∈ Z+ . For any p of the set P = {∞} ∪ {p ∈ Z+ | p is a prime} the nota-
tion | |∞ = | | will be used for the usual absolute value of C = C∞ and | |p for the p-adic valuation
of the p-adic ﬁeld Cp , the completion of the algebraic closure of Qp , normalized by |p|p = p−1. Let
K be an algebraic number ﬁeld of degree κ over Q, v its place and Kv the corresponding comple-
tion. If the ﬁnite place v of K lies over the prime p, we write v | p, for an inﬁnite place v of K we
write v | ∞. Further, the notation I is used for an imaginary quadratic ﬁeld. By using the normalized
valuations
‖α‖v = |α|κv/κv , κv = [Kv : Qv ],
the Height H(α) of α ∈ K is deﬁned by the formula
H(α) =
∏
‖α‖∗v , ‖α‖∗v = max
{
1,‖α‖v
}
v
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H(α) =
∏
v
‖α‖∗v , ‖α‖∗v = max
i=1,...,m
{
1,‖αi‖v
}
.
A characteristic
λ = λq = log H(q)
log‖q‖v , ‖q‖v 	= 1, q ∈ K
∗,
will also be used in the sequel.
By the value of the continued fraction
b0 + K∞n=1
an
bn
= b0 + a1
b1 +
a2
b2 +
a3
b3 +· · ·
in Cp , we mean the limit
lim
n→∞
An
Bn
of the convergents An/Bn where An and Bn satisfy the recurrences
An = bn An−1 + an An−2, Bn = bnBn−1 + anBn−2 ∀n 2,
with initial values
A0 = b0, A1 = b0b1 + a1, B0 = 1, B1 = b1.
3. Results
By using the polynomials
S(t) = S0 + S1t + · · · + Shth, T (t) = T0 + T1t + · · · + Tltl ∈ Cp[t],
we deﬁne the following q-continued fraction
G(q, t) = T (t) + K∞n=1
(tqn)s S(qnt)
T (qnt)
, s ∈ Z+. (10)
In our main theorem, Theorem 1, we study approximation of the values of the continued fraction (10)
by algebraic numbers from a given number ﬁeld K. Henceforth, we shall ﬁx
A = max
{
l
2
,
s + h
4
}
, B = s
2
. (11)
Case (1): When B + λA > 0, we set
μ = μ1 = B . (12)
B + λA
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μ = μ2 = inf ρ(η + sρ/2)
ρ(η + sρ/2) + λ(a + Aa2 + η˜) (13)
where
a = 2− η + ρ, η˜ = (s + 1)η
3
6s(2− η) ,
and the inﬁmum is taken over all positive parameters 1 < η < 2 and 0 < ρ for which
D(ρ,η, s) = ρ(η + sρ/2) + λ(a + Aa2 + η˜)> 0.
If λ = −1 and s 1, we have the rough estimate
μ2 
(
64s2 + 200s + 21)/3
when η = η0 = (3 + 4s)/(2 + 2s) and for ρ we choose ρ = 2ρ0 where ρ0 satisﬁes D(ρ0, η0, s) = 0.
However, in the case s = 1 the choice η = 1.81093 . . . , ρ = 36.0646 yields μ2  60.9062 . . . .
Theorem 1. Let v be a place of K and let q, t ∈ K∗ satisfy B + λA  0, |q|v < 1 and let S(t), T (t) ∈ K[t]
satisfy S0T0 	= 0, |S0|v  1, s  1 and S(qkt)T (qkt) 	= 0 for all k ∈ N. Then, there exist positive constants Ci ,
Di and Hi , i = 1,2, such that
∣∣G(q, t) − β∣∣v > CiHκμi/κv+Di(log H)−1/2
for any β ∈ K with H = max{H(β), Hi}.
Observation 1. Let h = 0 and s  2l > 0, then B/A = 2 gives an irrationality measure μ1 = 2/(2 + λ) for
G(q, t) for all q ∈ K∗ satisfying −2 < λ−1.
Observation 2. For all t,q = b/d ∈ Q∗ satisfying d > |b|2 , the real number G(q, t) has an irrationality mea-
sure
μ1 = 2 log |b/d|
log(b2/d)
,
and especially G(1/d, t) as well as the p-adic number G(pl, t) (p is a prime, l ∈ Z+) have an irrationality
measure μ1 = 2. When K = I, v is the inﬁnite place of K and q = 1/d, ‖d‖v > 1, where d ∈ ZK , we obtain
μ1 = 2, κ = κv = 2. For more similar explicit calculations, see [15].
Corollary 1.
(a) Let b,d ∈ Q, d > 0, e,q ∈ I and v | ∞. If |q|v < 1 and d2 + 4b is a square of a rational number, then
μ1
(
K∞n=1
b
d + eqn
)
= 2
2+ λ . (14)
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square of a rational number, then κ = 2, κv = 1 and
μ1
(
K∞n=1
b
d + eqn
)
= 2
2+ λ . (15)
The continued fraction
K∞n=1
1
1+ eqn (16)
with q = (√5− 1)/2 belongs to the case (b) where λ = −1, μ1 = 2, and thus
∣∣∣∣K∞n=1 11+ eqn − β
∣∣∣∣
v
>
C
H4+D(log H)−1/2
for any β ∈ K with H = max{H(β), H1}. In particular, the value of continued fraction (16) is not in Q(
√
5).
4. Results from q-series and q-continued fractions
Let F (t) be a nonzero solution of the q-functional equation
(qt)s F
(
q2t
)= −T (t)F (qt) + S(t)F (t) (17)
where s 1 and
S(t) =
h∑
k=0
Skt
k, T (t) =
l∑
k=0
Tkt
k ∈ Cp[t]
are of degree
h = degt S, l = degt T .
Theorem 2. Let v be a place of K, S j, T j ∈ K and let q, t ∈ K∗ satisfy B + λA  0, |q|v < 1, s  1,
T (qkt)S(qkt) 	= 0 for all k ∈ N. Let F (t) be a solution of the functional equation (17) such that
∣∣F (qnt)∣∣v < cn ∀n ∈ N, (18)
for some positive constant c and the numbers
F (t), F (qt)
are not both zero, then the two numbers F (t) and F (qt) are linearly independent overK and there exist positive
constants Ci, Di and Hi such that
∣∣β1F (t) + β2F (qt)∣∣v > CiHκμi/κv+Di(log H)−1/2
for any β = (β1, β2) ∈ K2 \ {0} with H = max{H(β), Hi}, i = 1,2.
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A = max{l/2, (s + h)/4}.
Proof. The proof follows closely the ideas of [12] and [1], thus we give only some essential parts of it.
First, we give a notation
∑
pktk w
∑
qktk if ‖pk‖w  ‖qk‖w for all k ∈ N, used in the sequel. Next
we choose an H ∈ Q such that
T (t)w ‖H‖w
(
1+ · · · + tl),
S(t)w ‖H‖w
(
1+ · · · + th),
for all places w . Then, by using the iterates of Eq. (17) we get the following approximation formula
Rn(t) = ts(n+1)qs(n+22 )F
(
qn+2t
)= Tn(t)F (qt) + Sn(t)F (t) (19)
with the upper bounds
max
{∥∥Tn(t)∥∥w ,
∥∥Sn(t)∥∥w} Pw(n) = cnw‖q‖∗w An2 ∀w, (20)∥∥Rn(t)∥∥v  Rv(n) = cn2‖q‖v Bn2 (21)
where
cw =
(
2(s + h + l + 1))δw ‖H‖∗w‖t‖∗ws+h+l‖q‖∗w2A and c2 = c1‖t‖∗v s+1‖q‖∗v2s.
Let us prove the estimate (20). Deﬁne polynomials
Tn(t) = −T
(
qnt
)
Tn−1(t) + tsqsn S
(
qnt
)
Tn−2(t),
Sn(t) = −T
(
qnt
)
Sn−1(t) + tsqsn S
(
qnt
)
Sn−2(t), n ∈ Z1,
with initial conditions
T−1(t) = 1, S−1(t) = 0, T0(t) = −T (t), S0(t) = S(t).
From Eq. (17) we get
tsqs(n+1)F
(
qn+2t
)= −T (qnt)F (qn+1t)+ S(qnt)F (qnt), n 0. (22)
Multiplying Eq. (22) by term tsnqs(
n+1
2 ) , we obtain
ts(n+1)qs(
n+2
2 )F
(
qn+2t
)= −T (qnt)tsnqs(n+12 )F (qn+1t)+ tsqsn S(qnt)ts(n−1)qs(n2)F (qnt)
= −T (qnt)(Tn−1(t)F (qt) + Sn−1(t)F (t))
+ tsqsn S(qn)(Tn−2(t)F (qt) + Sn−2(t)F (t))
= Tn(t)F (qt) + Sn(t)F (t).
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−T (qnt)w ‖q‖∗wln‖H‖w(1+ · · · + tl), (23)
qsnts S
(
qnt
)
w ‖q‖∗w (s+h)n‖H‖w
(
1+ · · · + ts+h). (24)
Using the estimates (23) and (24) we have for Xn = Sn, Tn that
Xn w 2
δw ‖H‖∗w
(
1+ · · · + ts+h+l)max{‖q‖∗wnl Xn−1,‖q‖∗w (s+h)n Xn−2} (25)
where δw = 0 if p  ∞, and δw = 1 if p | ∞. Put a1 = l and a2 = s + h, then
a j · n + A(n − j)2 + 2A(n − j) An2 + 2An, j = 1,2, ∀n 2.
Thus in view of (11), the inequality (25) yields
Xn w
(
2δw ‖H‖∗w
(
1+ · · · + ts+h+l)‖q‖∗w2A)n‖q‖∗w An2 .
For the remainder readily holds
‖Rn‖v = ‖q‖s(
n+2
2 )
v ‖t‖s(n+1)v
∥∥F (qn+2t)∥∥v  (‖t‖v‖q‖2v)scn1(‖t‖sv‖q‖3s/2v )n‖q‖
s
2n
2
v
since ‖F (qnt)‖v  cn1 by assumption. If now,
cw =
(
2(s + h + l + 1))δw ‖H‖∗w‖t‖∗ws+h+l‖q‖∗w2A and c = ‖q‖∗v2s‖t‖∗v s+1c1,
we have the claims (20) and (21).
Now, we apply Theorems 3.3 and 4.1 from [13] in the case (1). In the case (2), the proof uses a
construction based on Thue–Siegel’s lemma and again the iterates of Eq. (17), see [1]. 
Note that we obtained an improvement to [13] in the dependence on the ﬁrst parameter of our
upper bound term A.
Theorem 3. (See [14].) Let S0T0 	= 0, |S0|p  1, q, t ∈ Cp . If s 1, then
T (t) + K∞n=1
(tqn)s S(qnt)
T (qnt)
= S(t) F (t)
F (qt)
= S(t) T0
S0
G(t)
G(qt)
, |q|p < 1, (26)
where G : Cp → Cp is an analytic function such that F (t) = txG(t) is a solution of the functional equation (17)
satisfying qx = S0/T0 and F (qt) 	= 0. Moreover, if deg S(t) = h = 0, then G : Cp → Cp is an entire function.
The convergence in (26) is uniform with respect to variable t in every bounded subset of Cp .
Thus, the value of the q-fraction
T0 + T1t + · · · + Tltl + K∞n=1
(tqn)s(S0 + S1tqn + · · · + Shthqhn)
T0 + T1tqn + · · · + Tltlqln , s 1,
is a quotient of power series converging in some disk |t|p < r ∈ R+ . As an example, we give the
well-known evaluation
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1 +
q2t
1 +
q3t
1 +· · · =
F (t)
F (qt)
(27)
of the Rogers–Ramanujan continued fraction where
F (t) =
∞∑
n=0
qn
2
(q)n
tn, |q|p < 1.
5. Proof of Theorem 1 and the corollaries
Proof of Theorem 1. Let F (t) be a continuous nonzero solution of (17) satisfying F (0) 	= 0. First, we
note that the condition (18) is satisﬁed by the continuity of F (t). Next, we show that not both the
numbers F (t) and F (qt) are zero. If, on the contrary F (qt) = F (t) = 0 for some q, t ∈ C∗p , |q|p < 1,
then F (qnt) = 0 for all n ∈ N by (19). By taking limits we get a contradiction. Then, by Theorem 2 the
numbers F (t) and F (qt) are linearly independent over K and thus both nonzero. Thus, by Theorem 2
we get an irrationality measure μ = μi (i = 1,2) for F (t)/F (qt) which by Theorem 3 implies the
truth of our Theorem 1. 
Proof of Corollary 1. In [16], it is proved that
d + K∞n=1
b + cqn
d + eqn = α + K
∞
n=1
cqn + eβq2n−1
α + (e − β)qn (28)
where b, c,d, e,q ∈ K, |q| < 1 and
α = d +
√
d2 + 4b
2
, β = d −
√
d2 + 4b
2
, |β| < |α|.
Here, we note that the formula (28) generalizes the transformation formula
1+ K∞n=1
k + qn
1
= α + K∞n=1
qn
α − βqn
where q ∈ C, |q| < 1, k ∈ R, k > −1/4, α = (1 + √1+ 4k)/2 and β = (1 − √1+ 4k)/2, originally
considered by Ramanujan (for more details, see [2]).
By setting c = 0 in (28), we obtain
d + K∞n=1
b
d + eqn = α + K
∞
n=1
eβq2n−1
α + (e − β)qn .
In the case (a), we assume that d2 + 4b =m2, m ∈ Q+ and d > 0. Thus, α,β ∈ Q and |β| < |α|. In the
case (b), the assumption d > 0 implies |β| < |α|, too. Thus, by using the relation (28) we may apply
Theorem 1 with the subsequent Observation 1 in order to get (14) and (15). 
Proof of the examples. We start by taking an even contraction of the continued fractions (3), (4)
and (6). This yields
b0 + K∞n=1
an
bn
= b0 + b2a1
b2b1 + a2 + −a2a3b4b2(a4+b3b4)+a3b4+K∞ cn
(29)n=1 dn
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cn = −a2n+2a2n+3b2n+4b2n,
dn = b2n+2(a2n+4 + b2n+3b2n+4) + a2n+3b2n+4
for each continued fraction. Let us denote the tail d0 + K(cn/dn) of (3) by
SC1 (q) = 1+ q + q2 + q3 +
−q5(1+ q2)
1+ q2 + q4(1+ q) +
−q8(1+ q3)
1+ q3 + q6(1+ q) +
−q11(1+ q4)
1+ q4 + q8(1+ q) +· · · ,
whereas
SC2 (q) = 1+ q3 + q4 + q6 +
−q11(1+ q3)
1+ q5 + q8(1+ q2) +
−q17(1+ q5)
1+ q7 + q12(1+ q2) +
−q23(1+ q7)
1+ q9 + q16(1+ q2) +· · ·
for the second Ramanujan–Selberg continued fraction. Instead, for the Eisenstein continued fraction
holds
d0 + K∞n=1
cn
dn
= EC1 (q) = 1+ q − q3 − q5
+ q
8(1− q4)
1+ q3 − q7(1+ q2) +
q14(1− q6)
1+ q5 − q11(1+ q2) +
q20(1− q8)
1+ q7 − q15(1+ q2) +· · · .
The ﬁrst contraction SC1 has the parameters s = 3, h = 1, l = 2 and for SC2 and EC1 we have s = 6,
h = 2, l = 4. Applying Theorem 1 to these contractions gives the following irrationality measures for
the Ramanujan–Selberg continued fractions (3), (4) as well as for the Eisenstein fraction (6), i.e.
μ1
(
Si(q)
)= μ1(E1(q))= 3
3+ 2λ , i = 1,2.
The third continued fraction S3(q) and E2(q) have the parameters s = h = 1, l = 0 and s = l = 1, h = 0
(denote q2 by q), respectively, and thus
μ2
(
S3(q)
)= μ2(E2(q)) 60.9062 . . . , λ = −1.
Next, we consider Tasoev’s continued fractions
T1(u, v,a) = 1
ua +
1
va2 +
1
ua3 +
1
va4 +
1
ua5 +· · · , (30)
T2(u, v,a,b) = 1
ua +
1
vb +
1
ua2 +
1
vb2 +
1
ua3 +· · · . (31)
First, we show how we may evaluate T1(u, v,a) and T2(u, v,a,a) simply by using the known
identity (27) of the Rogers–Ramanujan continued fraction. In (30), we set t = 1/(auv) and q = a−2
which gives directly
T1(u, v,a) = (ua)
−1
1+ qt q2t q3t
.1 + 1 + 1 +···
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T1(u, v,a) = F (qt)
uaF (t)
, F (t) =
∞∑
n=0
qn
2
(q)n
tn, |q|p < 1.
Hence, we get
T1(u, v,a) =
∑∞
n=0 a−(n+1)
2
u−n−1v−n/((a2 − 1) · · · (a2n − 1))∑∞
n=0 a−n
2
(uv)−n/((a2 − 1) · · · (a2n − 1)) , |a|p > 1, (32)
a result in [8] with u = v . Similarly, by putting a = b, t = 1/(auv) and q = 1/a in (31), we get
T2(u, v,a,a) =
∑∞
n=0 a−(n+1)(n+2)/2u−n−1v−n/((a − 1) · · · (an − 1))∑∞
n=0 a−n(n+1)/2(uv)−n/((a − 1) · · · (an − 1))
, (33)
a result in [8].
For the evaluation of T2(u, v,a,b) in the general case we use the known identity (see [2])
1+ αq
1 +
βq
1 +
αq2
1 +
βq2
1 +· · · =
G(α,β)
G(αq, β)
, |q|p < 1, (34)
where
G(α,β) =
∞∑
n=0
αnqn(n+1)/2
(q)n(−βq)n .
Namely, by setting α = (uv)−1, β = (uva)−1 and q = (ab)−1, we obtain
T2(u, v,a,b) = (ua)
−1
1+ αq1 + βq1 + αq
2
1 +
βq2
1 +···
= G(αq, β)
uaG(α,β)
, |q|p < 1.
Hence
T2(u, v,a,b) =
∑∞
n=0 an(n+1)/2bn(n−1)/2/
∏n
j=1(a jb j − 1)(uva j+1b j + 1)
ua
∑∞
n=0 an(n+3)/2bn(n+1)/2/
∏n
j=1(a jb j − 1)(uva j+1b j + 1)
, (35)
if |ab|p > 1. Note that in [8] the value of T2(u, v,a,b) for general a,b, |ab| > 1 is not given in a closed
form, but as a quotient of series whose coeﬃcients satisfy certain recurrence relations.
Note also that our evaluations (32), (33) and (35) are valid for any a,b,u, v ∈ Cp with |a|p > 1,
|ab|p > 1, which should be compared to [8–11] where generally only the cases a,b ∈ Z2 are consid-
ered.
Now, readily
μ1
(
T1(u, v,a)
)= 2
2+ λ
where λ = λ(1/a). After applying the transformation (29) to the continued fraction in (34), we have
also that μ1(T2(u, v,a,b)) = 2/(2+ λ) where λ = λ(1/ab).
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W = 1
W1 +
1
W2 +
1
W3 +· · ·
where the denominators are the forms
Wn = aαn + bβn, αβ = 1,
and |α| 	= |β|, say |α| > |β|. If we denote q = 1/α2, we get an equivalent continued fraction
W = K∞n=1
αqn
a + bqn . (36)
As an example, we may take a sequence (Wn) deﬁned by the recurrence
Wn+2 = 3Wn+1 − Wn, W0 = 2, W1 = 3.
If now a,b,α,β ∈ K, [K : Q] = 2 and α = β , then μ2(W ) 60.9062 . . . .
On the other hand, let (Fn), F0 = 0, F1 = 1 denote the Fibonacci sequence. Set α = (1 +
√
5)/2,
a = b = 1/√5 and q = α−4, then we have
F = 1
F1 +
1
F3 +
1
F5 +· · · =
1
α
· K∞n=1
qn−1
a − bα−2qn−1 .
(Obviously, the corresponding continued fraction with even partial denominators “F2n” reduces
to (36).) Consequently μ2(F ) 60.9062 . . . , too. 
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